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Abstract The quantum deformation of the Hopf algebra describes the skeleton of quantum field the-
ory, namely its characterizing feature consisting in the existence of infinitely many unitarily inequivalent
representations of the canonical commutation relations. From this we derive the thermal properties of
quantum field theory, with the entropy playing the role of the generator of the non-unitary time evolution.
The entanglement of the quantum vacuum appears to be robust against interaction with the environment:
on cannot “unknot the knots” in the infinite volume limit.
1. Introduction
It is now long known that quantum deformations [1, 2] of the enveloping algebras of Lie algebras
have a Hopf algebra structure [3]. It has been shown [4, 5] that dissipative systems, as well as finite
temperature non-equilibrium systems, are properly described in the frame of the q-deformed Hopf algebra.
The analysis of such systems has revealed that the proper algebraic structure of quantum field theory
(QFT) is the deformed Hopf algebra. The q-parameter acts as a label for the infinitely many unitarily
inequivalent representations (uir) of the canonical commutation relations (ccr). Our task in this paper is
to report about such results on the architecture of QFT and, by resorting to that, to show its intrinsic
thermodynamic nature. We also want to comment on the robustness of the entanglement of the quantum
vacuum against interaction with the environment [6].
Let us illustrate in a simple way that the Hopf algebra enters in the QFT formalism since the begin-
ning. We observe that the introduction of the operator algebra necessary to set up QFT is usually limited
to the introduction of the boson Weyl-Heisenberg (WH) algebra. The additivity of some observables such
as the energy, the momentum and the angular momentum is such an obvious assumption that one does
not even bother to spell it out. It is implicitly given as granted. However, if one is asked to express it
explicitly and formally, then one realizes that the boson WH algebra is only a part of the full algebraic
structure and it becomes natural to introduce the “coproduct” map, namely, for the “addition” of, e.g.,
the angular momentum Jα, α = 1, 2, 3, of two particles, ∆Jα = Jα ⊗ 1 + 1 ⊗ Jα ≡ Jα1 + Jα2 . It is,
however, not only in this simple way that one needs the Hopf structure where the coproduct mapping
plays a crucial role. The full algebraic structure which is needed has to take also into account [7] one of
the very special features of QFT, namely the existence of infinitely many representations of the ccr [8]
(this is a characterizing feature which makes QFT deeply different from quantum mechanics (QM). In
QM all the representations of the ccr are unitary equivalent due to the von Neumann theorem). Then
one is led to consider the q-deformation of the Hopf algebra. Let us see in the following how this goes.
2. Deformed Hopf algebra and the quantum field theory structure
In the following we shall focus on the case of bosons for simplicity. However, our conclusions can be
extended also to fermions [5].
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The coproduct is a homomorphism which duplicates the algebra, ∆ : A → A ⊗ A. The operator
doubling implied by the coalgebra is a key ingredient of Hopf algebras. As already said, Lie-Hopf algebras
are commonly used in the familiar addition of energy, momentum and angular momentum. Thus, the
operational meaning of the coproduct is that it provides the prescription for operating on two modes.
Associated to that, there is the doubling of the degrees of freedom of the system which is rich of physical
meanings (e.g. near a black hole such a doubling perfectly describes the modes on the two sides of the
horizon [6, 9, 10]).
The bosonic Hopf algebra for a single mode (the case of modes labelled by the momentum κ is
straightforward), also called h(1), is generated by the set of operators {a, a†, H,N} with commutation
relations:
[ a , a† ] = 2H , [ N , a ] = −a , [ N , a† ] = a† , [ H , • ] = 0 , (1)
where a (a†) is the generic annihilation (creation) operator and H is a central operator, constant in each
representation. The Casimir operator is given by C = 2NH − a†a. In h(1) the coproduct is defined by
∆O = O ⊗ 1+ 1⊗O ≡ O1 +O2 , (2)
where O stands for a, a†, H and N . The q-deformation of h(1) is the Hopf algebra hq(1):
[ aq , a
†
q ] = [2H ]q , [ N , aq ] = −aq , [ N , a†q ] = a†q, [ H , • ] = 0 , (3)
where Nq ≡ N and Hq ≡ H and [x]q = q
x − q−x
q − q−1 . The Casimir operator is given by Cq = N [2H ]q− a
†
qaq.
The coproduct for aq and a
†
q now changes to
∆aq = aq ⊗ qH + q−H ⊗ aq , ∆a†q = a†q ⊗ qH + q−H ⊗ a†q , (4)
while, of course, stays the same for H and N .
In the fundamental representation, obtained by setting H = 1/2, C = 0, h(1) and hq(1) coincide, as
it happens for the spin- 12 representation of su(2) and suq(2). The differences appear in the coproduct
and in the higher spin representations. We shall denote by F1 this representation space (single mode
Fock space).
As customary, one requires a and a† (aq and aq
†) to be adjoint operators. This implies that q can
only be real or of modulus one. In the two mode Fock space F2 ≡ F1 ⊗ F1, for |q| = 1, the hermitian
conjugation of the coproduct must be supplemented by the inversion of the two spaces for consistency
with the coproduct homomorphism. Summarizing, on F2 = F1 ⊗ F1 it can be written:
∆aq = a1q
1/2 + q−1/2a2 , ∆a
†
q = a
†
1q
1/2 + q−1/2a†2 , (5)
∆H = 1, ∆N = N1 +N2 . (6)
Note that [ai, aj] = [ai, a
†
j] = 0, i 6= j. It is now possible to show that the full set of infinitely many uir
of the ccr in QFT are classified by use of the deformed Hopf algebra. To do that it is sufficient to show that
the Bogolubov transformations are directly obtained by use of the deformed copodruct operation. As well
known, indeed, the Bogolubov transformations relate different (i.e. unitary inequivalent) representations.
We consider therefore the following operators (cf. (4) with H = 1/2 and q(θ) ≡ e2θ):
αq(θ) ≡ ∆aq√
[2]q
=
1√
[2]q
(eθa1 + e
−θa2) , βq(θ) ≡ 1√
[2]q
δ
δθ
∆aq =
1√
[2]q
(eθa1 − e−θa2) , (7)
and h.c.. A set of commuting operators with canonical commutation relations is given by
α(θ) ≡
√
[2]q
2
√
2
[αq(θ) + αq(−θ) − β†q(θ) + β†q(−θ)] , (8)
β(θ) ≡
√
[2]q
2
√
2
[βq(θ) + βq(−θ) − α†q(θ) + α†q(−θ)] , (9)
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and h.c. One then introduces
A(θ) ≡ 1√
2
(α(θ) + β(θ)) = A cosh θ −B† sinh θ , (10)
B(θ) ≡ 1√
2
(α(θ)− β(θ)) = B cosh θ −A† sinh θ , (11)
with [A(θ), A†(θ)] = 1 , [B(θ), B†(θ)] = 1. All other commutators are equal to zero and A(θ) and B(θ)
commute among themselves. For homogeneity of notation, we have used A ≡ a1 and B ≡ a2.
Eqs. (10) and (11) are nothing but the Bogolubov transformations for the (A,B) pair. In other
words, the Bogolubov-transformed operators A(θ) and B(θ) are linear combinations of the coproduct
operators defined in terms of the deformation parameter q(θ) and of their θ-derivatives. Notice that
− i δ
δθ
A(θ) = [G, A(θ)] , − i δ
δθ
B(θ) = [G, B(θ)] , (12)
and h.c., where G ≡ −i(A†B†−AB) denotes the generator of (10) and (11). For a fixed value θ¯, we have
exp(iθ¯pθ) A(θ) = exp(iθ¯G) A(θ) exp(−iθ¯G) = A(θ + θ¯) , (13)
and similar equations for B(θ). In eq.(13) the definition pθ ≡ −i δ
δθ
has been used. It can be regarded as
the momentum operator “conjugate” to the “degree of freedom” θ, which thus acquires formal definiteness
in the sense of the canonical formalism.
If |0〉 denotes the vacuum annihilated by A and B, A|0〉 = 0 = B|0〉, then, at finite volume V ,
|0(θ)〉 = exp(iθG)|0〉 . (14)
The vacuum |0(θ)〉 turns out to be an SU(1, 1) generalized coherent state: coherence and the vacuum
structure in QFT are thus intrinsically related to the deformed Hopf algebra.
In the continuum limit in the space of momenta, i.e. in the infinite volume limit, the number of degrees
of freedom becomes uncountable infinite, hence we obtain 〈0(θ)|0(θ′)〉 → 0 as V → ∞, ∀θ, θ′, θ 6=
θ′, thus the Hilbert spaces Hθ and Hθ′ become unitarily inequivalent. In this limit, the deformation
parameter θ =
1
2
ln q labels the set {Hθ, ∀θ} of the infinitely many uir of the ccr [4, 5, 11]. In conclusion,
the deformed Hopf algebra provides the typical structure one deals with in QFT.
Furthermore, in the case in which the deformation parameter is time-dependent, it turns out to be
related to the so-called heat-term in dissipative systems. This can be seen by noticing that the Heisenberg
equation for A(t, θ(t)) is
−iA˙(t, θ(t)) = −i δ
δt
A(t, θ(t)) − i δθ
δt
δ
δθ
A(t, θ(t)) =
[H,A(t, θ(t))] +
δθ
δt
[G, A(t, θ(t))] = [H +Q, A(t, θ(t))] , (15)
where Q ≡ δθ
δt
G is the announced heat-term, and H is the Hamiltonian responsible for the time variation
in the explicit time dependence of A(t, θ(t)). H+Q is therefore to be identified with the free energy [12].
Thus, the conclusion is that variations in time of the deformation parameter actually involve dissipation.
When the proper field description is taken into account, A and B depend on the momentum κ and,
as customary in QFT, one deals with the algebras
⊕
κ
hκ(1).
3. Entropy, entanglement and environment
It is remarkable that the “conjugate momentum” pθ generates transitions among the uir (in the
infinite volume limit): exp(iθ¯pθ) |0(θ) >= |0(θ + θ¯) >. Use of eq. (14) shows that
∂
∂θk
|0(θ) >= −
(
1
2
∂SA
∂θk
)
|0(θ) > . (16)
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where, in full generality, we are using θ = θk and
SA ≡ −
∑
κ
{
A†κAκ ln sinh
2
(
θk
)−AκA†κ ln cosh2(θk)} . (17)
Thus i
(
1
2 h¯
∂SA
∂θ
)
is the generator of translations in θ [12, 13]. The operator SA (SB for the B-modes)
is recognized to be the entropy operator [12, 13, 14]. In dissipative or unstable systems (or in thermal
theories at non-equilibrium) the deformation parameter depends on time, θ = θ(t), and the non-unitary
time evolution is controlled by the entropy variations [12, 13]. We thus have found that entropy controls
non-unitary time evolution: dissipation implies indeed the choice of a privileged direction in time evolution
(the arrow of time) with the consequent breaking of time-reversal invariance. It can be also shown that
SA − SB is a constant in time.
By introducing the free energy functional for the A-modes
FA ≡< 0(θ)|
(
HA − 1
β
SA
)
|0(θ) > , (18)
where HA =
∑
κ h¯ΩκA
†
κAκ, one shows that dFA = dEA − 1βdSA = 0. This is the first principle of
thermodynamics for a system coupled with environment at constant temperature and in absence of
mechanical work. The change in time of particles condensed in the vacuum, dNA, turns into heat
dissipation, defined as usual dQ = 1βdS, which recovers the conclusion of the previous section (cf. eq.
(15))[12]. These observations thus lead us to recognize the thermal features of {|0(θ(t)) >}.
It is also interesting to observe that the thermodynamical arrow of time, whose direction is defined by
the increasing entropy direction, points in the same direction of the cosmological arrow of time, namely
the inflating time direction for the expanding Universe. This can be shown by considering indeed the
quantization of inflationary models [15]. The concordance between the two arrows of time is not at all
granted and is a subject of an ongoing debate (see, e.g., [16]).
Let us now turn our attention to the entanglement. It is convenient to consider the case in which we
have two modes, say A and A¯ (as, for example, in the case of a complex scalar field). The corresponding
doubled modes are B and B¯. For typographical simplicity, we denote them as A ≡ A(+), A¯ ≡ A¯(+),
B ≡ A(−) and B¯ ≡ A¯(−). We also use σ = ±. Then the vacuum can be expressed as a SU(1, 1)×SU(1, 1)
generalized coherent state [17] of Cooper-like pairs
|0(θ)〉 = G(θ)|0〉 = 1
Z
exp
[∑
σ
∑
k
tanh θkA
(σ)†
k A¯
(−σ)†
k
]
|0〉 , (19)
where Z =
∏
k cosh
2 θk. The state |0(θ)〉 in (19), can be rewritten as
|0(θ)〉 = 1
Z
[
|0〉+
∑
k
tanh θk
(
|1(+)k , 0¯〉 ⊗ |0, 1¯(−)k 〉+ |0, 1¯(+)k 〉 ⊗ |1(−)k , 0¯〉
)
+ . . .
]
, (20)
where, we denote by |n(σ)k , m¯(σ)k 〉 a state of n particles and m “antiparticles” in whichever sector (σ).
Note that for the generic nth term, the state |n(σ)k , 0¯〉 ≡ |1(σ)k1 , . . . , 1
(σ)
kn
, 0¯〉, and similarly for antiparticles.
By introducing a well known notation, ↑ for a particle, and ↓ for an antiparticle, the two-particle
state in (20) can be written as
| ↑(+)〉 ⊗ | ↓(−)〉+ | ↓(+)〉 ⊗ | ↑(−)〉 , (21)
which is an entangled state of particle and antiparticle living in the two sectors (±). The generic nth
term in (20) shares exactly the same property as the two-particle state, but this time the ↑ describes a
set of n particles, and ↓ a set of n antiparticles. The mechanism of the entanglement, induced by the
q-deformation, takes place at all orders in the expansion, always by grouping particles and antiparticles
into two sets. Thus the whole vacuum |0(θ)〉 is an infinite superposition of entangled states1
|0(θ)〉 =
+∞∑
n=0
√
Wn|Entangled〉n , (22)
1A similar structure also arises in the temperature-dependent vacuum of Thermo-Field Dynamics [14] (see also [18]).
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Wn =
∏
k
sinh2nk θk
cosh2(nk+1) θk
, (23)
with 0 < Wn < 1 and
∑+∞
n=0Wn = 1. The coefficients
√
Wn of the expansion in Eq. (22) appear also
in the discussion about the entropy of the black hole [6, 10].
Of course, the probability of having entanglement of two sets of n particles and n antiparticles isWn.
At finite volume, being Wn a decreasing monotonic function of n, the entanglement is suppressed for
large n. It appears then that only a finite number of entangled terms in the expansion (22) is relevant.
Nonetheless this is only true at finite volume (the QM limit), while the interesting case occurs in the
infinite volume limit, which one has to perform in a QFT setting.
The entanglement is generated by G(θ), where the field modes in one sector (σ) are coupled to the
modes in the other sector (−σ) via the deformation parameter θk. Since the deformation parameter may
describe the background gravitational field (environment) [10], the temperature effects [5], the dissipative
effects [4] and other effects of the environment in which the system is embedded, it appears that the origin
of the entanglement is the environment, in contrast with the usual QM view, which attributes to the
environment the loss of the entanglement. In the present treatment such an origin for the entanglement
makes it quite robust.
One further reason for the robustness is that this entanglement is realized in the limit to the infinite
volume once and for all since then there is no unitary evolution to disentangle the vacuum: at infinite
volume one cannot ”unknot the knots”. Such a non-unitarity is only realized when all the terms in the
series (22) are summed up, which indeed happens in the V →∞ limit.
As a final comment let us observe that the doubling implied by the deformed Hopf algebra has been
useful in several applications, ranging from unstable particles [13], to coherence in quantum Brownian
motion [19], squeezed states in quantum optics [11], topologically massive theories in the infrared region
in 2+1 dimensions [20], the Chern-Simons-like dynamics of Bloch electrons in solids [20], the quantization
of matter in curved background [6, 9, 10]. These features are also common to two-dimensional gravity
models [21] and to the study of quantization arising from the loss of information [22]. Moreover, it has
been applied [23] to the study of the memory capacity problem in the quantum model for the brain.
References
[1] Drinfeld V.G., in Proc. ICM Berkeley, CA, A.M. Gleason, ed,; AMS, Providence, R.I., 1986, 798p
M.Jimbo, Int. J. of Mod. Phys. A4, 3759 (1989).
Yu.I.Manin, Quantum groups and Non-Commutative Geometry, CRM, Montreal, 1988.
[2] L.C.Biedenharn, J.Phys. A22, L873 (1989).
A.J.Macfarlane, J. Phys. A22, 4581 (1989).
[3] E. Celeghini, T. D. Palev and M. Tarlini, Mod. Phys. Lett. B 5, 187 (1991).
P. P. Kulish and N. Y. Reshetikhin, Lett. Math. Phys. 18, 143 (1989).
[4] A. Iorio and G. Vitiello, Annals Phys. 241, 496 (1995)
[5] E. Celeghini, S. De Martino, S. De Siena, A. Iorio, M. Rasetti and G. Vitiello, Phys. Lett. A 244,
455 (1998).
[6] A. Iorio, G. Lambiase and G. Vitiello, “Black hole entropy, entanglement and holography”,
arXiv:hep-th/0204034
[7] A. Iorio and G. Vitiello, Mod. Phys. Lett. B 8, 269 (1994)
[8] O.Bratteli and D.W.Robinson, Operator Algebras and Quantum Statistical Mechanics, Springer,
Berlin, 1979.
[9] M. Martellini, P. Sodano and G. Vitiello, Nuovo Cim. A 48, 341 (1978).
[10] A. Iorio, G. Lambiase and G. Vitiello, Annals of Phys. 294, 234 (2001).
5
[11] E. Celeghini, S. De Martino, S. De Siena, M. Rasetti and G. Vitiello, Annals Phys. 241, 50 (1995).
E. Celeghini, M. Rasetti and G. Vitiello, Phys. Rev. Lett. 66, 2056 (1991).
[12] E. Celeghini, M. Rasetti and G. Vitiello, Annals Phys. 215, 156 (1992).
[13] S. De Filippo and G. Vitiello, Lett. Nuovo Cim. 19, 92 (1977).
[14] Y. Takahashi and H. Umezawa, Collective Phenomena 2, 55 (1975).
H.Umezawa, Advanced field theory: micro, macro and thermal concepts, AIP, N.Y. 1993.
[15] E. Alfinito, R. Manka and G. Vitiello, Class. Quant. Grav. 17, 93 (2000).
[16] S. W. Hawking and R. Penrose, Sci. Am. 275, 44 (1996).
[17] A.Perelomov, Generalized Coherent States and Their Applications, Springer, Berlin, 1986.
[18] D.Mi, H.S.Song, and Y.An, Mod. Phys. Lett. A 16, 655 (2001).
[19] M. Blasone, Y. N. Srivastava, G. Vitiello and A. Widom, Annals Phys. 267, 61 (1998).
Y. N. Srivastava, G. Vitiello and A. Widom, Annals Phys. 238, 200 (1995)
[20] M. Blasone, E. Graziano, O. K. Pashaev and G. Vitiello, Annals Phys. 252, 115 (1996).
[21] D. Cangemi, R. Jackiw and B. Zwiebach, Annals Phys. 245, 408 (1996).
[22] G. ’t Hooft, Class. Quant. Grav. 16, 3263 (1999).
G. ’t Hooft, “Quantum mechanics and determinism,” arXiv:hep-th/0105105.
G. ’t Hooft, “Determinism in free bosons,” arXiv:hep-th/0104080.
M. Blasone, P. Jizba and G. Vitiello, Phys. Lett. A 287, 205 (2001)
[23] G. Vitiello, Int. J. Mod. Phys. B 9, 973 (1995).
E. Alfinito and G. Vitiello, Int. J. Mod. Phys. B 14, 853 (2000) [Erratum-ibid. B 14, 1613 (2000)]
G.Vitiello, My Double unveiled - The dissipative quantum model of brain, John Benjamins Publ. Co.,
Philadelphia, Amsterdam 2001.
6
